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ABSTRACT
PORTFOLIO SELECTION METHODS :
An  a p p l ic a t io n  t o  İs t a n b u l  s e c u r it ie s  e x c h a n g e
i. Tunç Seler
Master of Business Administration in Management 
Supervisor: Assistant Prof. Dr. Kürşat Aydogaii
February 1989
In this study, Modern Portfolio Theory tools -are used for constructing efficient 
portfolios. The Markowitz mean-variance model and Sharpe single index model are 
presented and calculated, for the construction of efficient portfolios from the Istanbul 
Securities Exchanges’ first market slocks for the 1986 - 1987 period. Constructed 
efficient portfolios are compared on the risk and return scales.
K eyw ords : Portfolio, Efficient Frontier, Diversification, Return, Risk, Capital 
Markets, Mathematical Programming Structure.
ÖZET :
Portföy Seçim Yöntemleri :
İstanbul Menkul Kıymetler Borsası İçin Bit Uygulama
i. Tunç S eler
İşletme Yönetimi Yüksek Lisatıs 
Tez Yöneticisi : Kürşat Aydoğan 
Şubat 1989
Bu çalışmada Modern Portföy Teorisi araçları , Etkinlik Siniri oluşturulması için 
kullanılmıştır. Markowitz ortalama varyans modeli ve Sharpe tekli index modeli 
açıklanmış ve 1986 - İ987 dönemi için, İstanbul Menkul Kıymetler Borsası birinci 
pazar hisse senetleri için hesaplanmıştır. Elde edilen etkinlik öncüleri risk ve getiri 
boyutlarında karşılaştırılmıştır.
A n a h ta r  K elim eler : Portföy, Etkinlik Sının , Çeşitlendirme, Getiri , Risk , 
Sermaye Piyasaları , Matematiksel Programlama Yapısı.
ACKNOWLEDGEMENT
I would like to thank to my thesis supervisor Assistant Prof. Dr. Kürşat Aydogan 
for his guidance and patiance through out this study. Assistant Prof. Dr. Erdal 
Erel and Assistant Prof. Dr. Gökhan Çapoğlu also made valuable comments on the 
structure of the text.
I also would like to thank to Ercan Erkul for his valuable comments and for the 
time he spent with me for discussions. İzzet Perçinler, also made very valuable 
comments,.and was very kind in helping as a perfect proofreader. I will take credit 
for all possible errors.
I have to express my thanks to my parents, who always supported me.
I would also thank to all collagues that helped-for various items through out this 
study.
TABLE OF CONTENTS
1 IN T R O D U C T IO N  : 1
1.1 Financial Markets ; .....................................................................................  1
1.2 Turkish Financial System ; ......................................'............................... 3
1.2.1 Turkish Securities Markets : .........................................................  3
1.3 Istanbul Securities Exchange : .................... ............................................  5
1.3.1 IMKD Index : ........................................ ......................................... C
1.3.2 Return Index : ........................................................................ ... . 7
1.4 Investing in Equity Markets : ................................................................... 7
2 Li t e r a t u r e  r e v i e w  : lo
2.1 Mean - Variance portfolio selection method :   10
2.2 Sharpe - Single Index Method ; .................................................................  11
2.3 Other Methods : ........................................................................................  12
3 M E T H O D O L O G Y  : 14
3.1 Formulation : ..............................................................................................  15
3.1.1 General relationships and definitions : ......................................  15
3.1.2 Mean - Variance model : ............................................................  17
3.1.3 Single Index Model ; .....................................................................  21
3.2 Assumptions of the Study : ...................................................................... 25
3.2.1 Mean - Variance Model : ...............................................................  25
3.2.2 Single Index Model : ...................................................................... 2G
4 H A i’A Î 27
5 F IN D IN G S  OF TFIE STUD Y AND C O N C LU SIO N S î 32
5.1 Mean - Variance Model : ............................................................................ 32
5.2 Single Index Model : ..................................................................................  34
5.3 Conclusions : ..............................................................................................  T.!
5.3.1 Findings : ........................................................................................ 42
LIST OF FIGURES
1.1 İMKB index values during Jan. 1986 - Dec. 1987   G
1.2 IMKB index returns versus Return index values duriiig January 1986
to December 1987 ....................................................................................  7
3.1 Efficient F ro n tie r .......................................................................................  18
5.1 Efficient Frontier under the Markowitz m o d e l......................................  32
5.2 Efficient Frontier’s Risk preferance graph ............................................  33
5.3 Efficient Frontier’s Iteration Summary g r a p h ......................................  34
5.4 Efficient Frontier’s Basic variable summary graph 36
5.5 MVP combination under the Markowitz m o d e l ...................................  36
5.6 Efficient Frontier under the Single Index m o d e l ...................................  37
5.7 SİM portfolio beta versus Lambda coefficient.........................................  39
5.8 SiM alpha and beta values compared.......................................................  4.0
5.9 MVP combination under the SIM model ............................................  40
5.10 Slhi and Markowitz Efficient Frontiers com parison ............................  41
LIST OF TABLES
1.1 Public and Private sectors’ relative percentages in primary markets. 3
1.2 Yearly percent changes in primary market transactions during 1984,
to 1987 .............................................................................. , ...................... 4
1.3 Incentives granted to investors ...............................................................  5
4.1 List of Stocks’ analyzed................................................... ...........................  29
4.2 Regression results for IMKB index R e tu r n s .........................................  30
4.3 Regression results for Return index Returns ......................................  31
5.1 Markowitz model Efficient Frontier p roperties......................................  35
5.2 Portfolio Alpha and Beta under the Single Index m o d e l ..................... 38
111
NOMENCLATURE :






























Alpha coefficient of the asset.
Portfolio Alpha .
Beta coefficient for the asset.
Portfolio Beta .
The error term.
Dividend and other payments for the asset on the i ‘’' period. 
Expected return of the asset.
Expected rate of return on the portfolio.
The market index.
Proportion to invest form the asset.
Price of asset on the period .
Price of old quotation on the period.
Price of the stock split right owning quotation.
Average rate of return on the asset.
Rate of return on the asset on the period.
Riskfree rate of return.
Average Portfolio Return.
Portfolio rate of return.
Rate of return on the asset.
Number of stocks to be received as the result of the stock split. 
Number of periods.
Risk preferance coefficient.
Proportion to invest on the asset.
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1. INTRODUCTION :
The purpose of this study is the construction of efficient portfolios by using stocks 
listed in Istanbul Securities Exchange . In this study, Markowitz full covariance 
model and Sharpe’s single index model are utilized for the construction of efficient 
portfolios. The constructed efficient portfolios are compared on the risk and return 
spaces and policy recomendations for investors are put forward as a result of this 
study.
1.1 Financial M arkets :
Financial markets have significant impacts on economic systems, because of their 
vital economic functions. The function of financial markets is to provide a conve­
nient medium for savings to be done and investments to be realized. Another major 
function of financial markets is the creation of new wealth by providing a connection 
between sa.vings and investments. Wealth can be defined as the summation of real 
and financial assets minus liabilities or net worth plus liabilities.
Although financial markets can create new wealth, a great portion of the transac­
tions that takes place in these markets have no effect on the creation of new wealth. 
This can better be seen in the markets for corporate debt and markets for corporate 
equity. The transactions in these mArkets, only affect the ownership of liabilities. 
However, wealth,can be created in these markets by issuing new stocks or debt.
Financial markets can be analyzed under two major submarkets. These submarkets 
are money markets and capital markets.
Financial markets classification :
1. Money markets .
2. Capital Markets .
2.1 markets for goverment securities
2.2 markets for local goverment securities
2.3 mortgage markets
2.4 markets for corporate debt
2.5 markets for corporate equity
Capital markets have certain distinguishing properties. These are;
1. having a maturity of one year or more
2. being both a wholesale and retail market
There are primary and secondary markets which carry out the operations for trans­
actions in financial markets. Securities that are available for the first time arfe 
offered through the primary markets. This is important beca.use, primary markets 
create new funds for the issuers. After their purchase in primary markets, secu­
rities are traded in the Secondary markets. Secondary markets have two ma.jor 
segments. Those are the organized exchanges and over-the-counter markets. Orga­
nized exchanges are physical market places where auction can take place between 
the representatives of the buyers and sellers. Over-the-counter market is not a phys­
ical market. The securities that are traded in the-over-the-counter markets are the 
unlisted securities. This market can be characterized by a network of buyers and 
sellers over a country, connected by communication links for negotiating the buying 
or selling prices.
The market for corporate debt can be further divided into two submarkets accord­
ing to their organizational structures. The.se are :
1. organized security exchanges
2. over-the-counter markets or over-the-telephone markets.
1.2 Turkish Financial System  :
The Turkish financial system is dominated by commercial banks. The extensive 
power and the domination of commercial banks in the Turkish financial system is 
due to the legislators concern for the protection of the investors [29] .
Another feature of the Turkish financial system is the goverment’s entering to the 
financial markets to finance the budget deficits..
1.2.1 Turkish Securities M arkets :
Supply  Side :
The public sector securities dominates the supply side of the market. This can be 
seen in Table 1.1 [8] as percent increase and relative market share during 1983 to 
1987. Public sector market share in the primary market has been over 85 % for the 
last five years, which indicates a domination in the new issues market.
Years 1983 1984 1985 1986 1987








0.147 0.07 0.06 0.067 0.095
Table 1.1: Public and Private sectors’ relative percentages in primary markets.
In the corporate sector, there is a reluctance for changing its financing behavior. 
Corporate sector depends heavily on. bank financing. This reluctance of the corpo­
rate sector is closely related with the small size of financial markets in Turkey. 
However, there is a recent growth in the corporate sector’s bond issues. The recent 
tendencies of the corporate sector to finance its activities through security markets, 
is a direct result of the change in the behavior of the banks. Banks do advice cor­
porations to issue securities and particularly bonds, to finance their operations.
The yearly percent changes in the primary market transactions according to the 
previous year is presented in Table 1.2 [8] . These figures include both the public 
and private primary market issues that arc allowed by the Capital Markets Board.
Year 1984 1985 1986 1987
Primary market 
transactions
136.78 174.28 62.56 109.46
Table 1.2; Yearly percent changes in primary market transactions during 1984 to 
1987
Demanci Side t
To flourish the level of demand in securities markets, certain tax incentives are 
granted to individual investors. Those lax incentives are presented in Table 1.3, for 
the individual and collective portfolios [29] . These incentives remained the same 
up to January 1989 together with one new rule. The interest income for the corpo­
rations obtained from the securities will be taxed according to this new application 
and the taxation will be % 10. The concept of Collective portfolio in the Table 1.3, 
in general terms refers to mutual funds.
To flourish the level of demand, the double taxation of dividends is also prevented. 
Corporate tax oecomes the final tax bn these earnings. Capital gains becomes 
taxfree, if and only if, the security in question is listed on an exchange or sold 
through licensed intermediary agencies.
The changes in the demand side of the market have been slow. Individual investors 
react rather slowly in investing their savings on a group of totally new, hence un­
known instruments. Institutional investors in Turkey are practically non-existent in
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Table 1.3: Incentives granted to investors
the capital markets. Institutional investors are corporations which collect funds for 
investing. In Turkey, Social Security Board and Insurance corporations can be given 
as examples for institutional investors. However their rules in the capital markets 
have been limited so far [29].
1.3 İstanbul Securities Exchange :
İstanbul Securities Exchange {tsianhul Menkul Kıymetler Borsası ) started op­
eration in January 1986. Stocks are traded in these markets according to their 
transaction volumes in the exchange. The organization of the İstanbul securities 
exchange can be analyzed under two headings :
1. First Market , {Birinci Piyasa ) 
Second Market , ( İkinci Piyasa )
IMKB Index Vaines
1.3.1
Figure 1.1: IMKB index values during Jan. 1986 - Dec. 1987 
IMKB Index :
The IMKB index is an average of the stock prices, weighted with the corporate 
capital amounts and dividend payments. The IMKB index is calculated for the first 
43 stocks that were traded in the first market in January 1986. January 1986 is 
taken as the base period (January 1986 = 100 ) for this index. 
iMKB index values are presented in Figure 1.1 during the January 1986 - December 
1987 period [18]. This makes a times series consisting of 102 weekly observations.
IMKB Index versus Return Index
R clu rn  F igures cross plot
Figure 1.2: IMKB index returns versus Return index values during January 1986 
to December 1987
1.3.2 Return Index :
To measure the return trends in the Istanbul securities exchange, another index is 
developed and used in this study. This index is named as the Return index, which 
is constructed from the average returns for a given period.
The IMKB index returns and Return index are plotted against each other to present 
the different natures of the indexes and their potentials to show the actual return 
level in the market in Figure 1.2 . Since the Return index is an average of the 
returns, and if the IMKB index is argued to be showing the overall return level, 
then, a distribution around a 45° line >vould be expected. It can be concluded that 
IMKB index is not an appropriate measure for the applications that utilize the 
market index concept, which measures the market’s price level.
1.4 Investing in Equity M arkets :
Investment is a commitment of funds made in the expectation of some positive rate 
of return. Investment and speculation can be distinguished by the time horizon and
risk return characteristics.
Investments in equity markets can be realized by investing in common stocks of 
corporations. A common stock is a represantation of ownership for the firms. Com­
mon stocks have no maturity date at which a fixed value will be realized like bonds 
and lOUs (I owe you). Investing in common stocks gives the voting right for the 
corporation’s decisions, and receiving earnings of the firm, as dividends .
Return from investing in common stocks is realized in two forms ;
1. Dividends,
2. Capital gains.
Dividends can be paid out by the decision of the board of directors of the corpora­
tions, if there are sufficient funds available for sUch an action. Capital gains is the 
difference between the buying price of stocks and price at fei specific time. It can be 
stated as ,




P2 iselling price 
Pi ;buying price.
The possibility of high volatility in capital gains and dividends reqiiires the careful 
analysis of the stocks to be invested and traded. There are two approaches;
1. Traditional Investment Analysis,
2. Modern Security Analysis approaclies.
The Traditional approach is interested in the projection of prices and dividend 
amounts for forecasting the'future dividends and niarket value of the stocks. The 
projected amounts for prices and dividend amounts are discounted back to present 
and named as the intrinsic value. The comparison of the intrinsic value and com­
mon stock’s market value determines the buying or selling decision for stocks.
Modern security analysis approacli, on the other hand, is interested with the risk 
return estimates of the common stocks. Generally two approaches can be applied. '
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These two approaches are ;
1. Fundamental analysis ,
2. Technical analysis .
Fundamental analysis emphasizes the analysts should consider major factors effect­
ing the economy, the industry, and the company in order to determine the invest­
ment decisions. Fundamentalists make a judgement of the stock’s value within a 
risk-return framework based upon earning power and economic environment. At 
any time, the price of a security is equal to the discounted value of the stream of in­
come for that security. Therefore the price of a security can be stated as a function 
of the anticipated returns plus the anticipated capitalization rates corresponding to 
future time periods.
Technical analysis approach to investment is essentially a reflection of the idea that 
the stock market moves in trends which are determined by the changing attitudes 
of investors to a variety of economic, monetary, political and psychological forces. 
The objective of technical analysis is to identify changes in potential trends at an 
early stage and to maintain an investment posture [33] .
2. LITERATURE REVIEW :
The era of modern portfolio theory started with two papers published in 1952. 
These papers were from Roy and Markowitz.
Roy [34] defined the best portfolio with the probability of producing a rate of return 
below some desired level. If portfolio return is represented by 71,, and the desired 
level of return with R¿, then Roy’s formulation can be stated as, minPr(7?.p < Rj).
The second major contribution to the modern portfolio theory was from Markowitz 
[23]. Markowitz proposed an objective portfolio selection criterion in his article. 
This criterion is known as the mean-variance portfolio selection method. Also, 
graphical mean-variance portfolio selection was presented by Markowitz in this ar­
ticle. in 1957, Markowitz presented the generalized solution methodology for the 
tnean-variance portfolio selection problem. [27]
2.1 IVieati - Variance portfolio selection method :
The mean-variance portfolio selection method uses mean and vatiance of returns for 
measures to capture and evaluate the relevant information about the opportunity 
set. The logic of the mean-variance portfolio selection method can be explained by 
the following postulates :
Let Ri denote the return on asset and cr,· denote the standart deviation of the 
return for the asset. Then for certain cases, investors’ decisions can be predeter­
mined according to the mean-variance criterion. Here the investors are assumed to 
be rational, who prefer more to less.
1. If the returns of two assets are equal, then investors will prefer the asset with 
lowet variance on return.
10
= R 2 prefer minimum variance.
2. If the variances of two assets are equal, then investors will prefer the asset 
with the higher rate of return.
cTj =  (72 —^ prefer maximum return.
The Markowitz model’s data requirement for an n security set is as follows ;
1. n return terms,
2. n variance terms,
3. covariance terms.
There is another measure which is required in this analysis, and that is the investors 
risk preferance measure. This measure determines the relative importance of unit 
return compared with unit risk, from the investors point of view. This measure is 
named as the lambda coefficient and used as A in this study.
As the risk preference coefficient, lambda ( A ) , will change fot A > 0, modicient 
portfolios, which are superior to all other combinations under mean-variance crite­
rion will be traced for that opportunity and constraint set.
Markowitz model when used for ex ante analysis has certain inconveniences. The 
user of this model should be able to predict the n return terms and should also be 
able to predict the n number of retutn variation coefficients for an n asset case. In 
addition to these predicitions, the analysts should predict covariance terms or
serial correlation coefficients between assets or securities , which is very difficult and 
time consuming method and infact practically is an impossible task. This property 
is the major drawback of the Markowitz mean-variance portfolio selection method.
2.2 Sharpe - Single Index Mfethdd :
In 1963, another approach to the portfolio selection problem was developed by 
Sharpe [30]. This approach was named as index models or Sharpe index models.
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As tlie name implies, this models depend on indexes that measure the volatility 
in security markets. The logic of the index method can be explained as follows. 
The securities are affected by the overall fluctuations in markets. Generally some 
stocks are more sensitive to overall changes than others, and if so, then investors 
can forecast the fluctuations in stocks returns as a function of the overall market 
fluctuations. The measure used for this is named as the Beta coefiicient (^; or 
B{ ). The stock price observations indicates that, the stock prices intend to move 
together. The price fluctuations in markets are measured with an index which is an 
average of the stock returns, weighted with some other information content on the 
gain that was provided to the stock holders.
The Single index model utilizes this relationship between the market fluctuations 
and stock returns. Sharpe [30] defined the functional relatiohship between the mar­
ket and stock returns in a linear functional form as it is presented in section 3.1.3 
in equation ( 21 ) .
Index model uses return and variation of returns as a function of the securities 
responsiveness to the overall market fluctuations. As index models have certain 
computational efficiencies when compared with Markowitz inodel , index models 
became well known and applied.
The volatility measures are also different in these two models. The Markowitz 
model uses the standart deviation of return which is presented in section 3.1.1 
and in equation ( 5 ) as the volatility measure where the index model uses the beta 
coefficient for this purpose which is presented in section 3.1.3 and in equation ( 21 ).
A brief emprical comparison of the Markowitz model and index models can be found 
in Cohen and Pogue [10], and a comparison of the index models with each other 
(Single index versus Multiple index models) can be found in Kwan [20] .
2.3 Other Methods :
There are various other a|>proache3 knd studies which utilize different techniques 
for the portfolio selection problem. Those studies utilize different types of assump­
tions and many of them are not as widely known and applied as the Index and 
Markowitz models. Some of the different assumption based studies are presented 
below for presenting a wider picture of the techniques used for the portfolio problem.
Jacobs [19] argued that the mean-variance and index models are only suitable for
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the institutional investors’ portfolio selection process, with holding many number of 
securities with some in very small proportions. However, the situation that the small 
or non-institutional investors are facing is that, they are forced to select between 
the mutual fund shares and direct investments in a relatively small proportion from 
the securities. Jacobs proposed a mean-variance portfolio selection procedure with 
turn over constraints that would minimize the commisions to be paid and bring out 
a managable size for the small investors’ portfolio.
Faaland [15] formulated the portfolio selection problem with a quadratic integer 
programming structure. Faaland, in his article, presented a generalized version of 
the approacli that Jacobs used for the small investors. In this article computational 
summaries about CPU time and iterations can be found.
Another interesting portfolio selection method is presented by Canto [7]. The Fat 
CATS ( Capital Tax Sensitivity ) approacli is an encouraging approacli for the port­
folio selection problem for beating the market This approach considers macroe­
conomic shocks for the selection process.
Portfolio selection based on the price earnings ratio is another widely used method. 
British academicians Keown, Pin and Chen [9] used this approach for the British 
stock market. In that study the price earnings ratio based applications’ history and· 
performance records can also be found.
A review of the related literature on portfolio theory can determine the classes of 
problems that have been analyzed by the modern portfolio theory. These classes of 
problems are ;
1. Actual portfolio selection and money allocation based on mean-variance anal­
ysis. This application imposes complex constraints depending on the manage­
rial attitudes and legal constraints.
2. Economic analysis usage, the analysis of economy under the assumption that 
investors are acting upon mean-variance efficiency. The usage of the mean- 
Variance model for the economic analysis typically assumes highly simpli­
fied constraint sets. Such can be seen in the Tobin-Shafpe-Litner model and 
Black’s model.
'The term Dealing the Market refers earning higher returns then the market index returns.
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3. METHODOLOGY !
In this study ex po^i data is used for the construction of efficient portfolios. The 
methods that are used in this normative study are the tools of the Modern Portfolio 
theory. The Markowitz and Single index models are briefly explained below.
The objective of the Portfolio Analysis is to determine the set of efficient portfolios 
or efficient frontiers [23]. Mathematically, that is to maximize expected return and 
minimize risk.
Four classes of calculation approaches can be utilized for the construction of the 
efficient frontier. These are :
1. Short selling allowed with riskless lending and borrowing;
2. Short selling allowed with no riskless lending and borrowing;
3. No short selling allowed with riskless lending and borrowing;
4. No short selling allowed with no riskless lending or borrowing.
Short selling process is a strategy that investors use when it is believed that trading a 
security whiclx is non existing in the investors portfolio, can provide positive returns. 
Short selling or going in a short position for a security requires the selling of a non 
owning stock and then buying that stock for physical or electronic delivery, the price 
difference between selling knd buying; becomes the return for such a transaction. 
Selling of a non owning stock is generally supplying a security which is believed to 
decrease in price. Since one can provide the delivery of a stock sometime later, and 
during that period if the price of a security is believed to decrease, then an investor 
can go for a short position. Then the difference between the selling and buying 
prices becomes the positive return for the short seller, if the selling price is greater 
then the buying price.
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In this study, riskless lending and borrowing with no short selling allowed approacli 
is utilized for the selection methods.
This can generally be formulated as ;










: Proportion to invest in the asset.
: Portfolio standart deviation.
(2)
3.1 Formulation :
The formulation that is used in this study to delineate efficient frontiers in Markowitz 
and SIM is presented below.
3.1.1 General relationships and definitions
1. R eturn :
_  -  -P,·,((_!) +
* ' | i  P (3)
r,-_t ; Rate of return on the stock on the period.
Pi n ’■ Price of P  ^ asset on. the period .
di^ i : Dividend .and other payments for the P  ^ asset on the P'* period.
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Ri : Average rate of return on the t"’ asset, 
n : Number of periods.
(4)
3. Variance of Return :
, _ -  RiYCi =
n — 1









pt,j : Coefficient of correlation for the and assets.
O',· : Standart deviation of the asset’s returns.
6. M inimum Variance Portfolio ( M VP ) t
The minimum variance portfolio is a portfolio combination which has the 
lowest possible variance for a given set of objectives. In other words, minimum 
variance portfolio is the least risky portfolio for a given set of objectives.
7. Feasible Portfolio :
A portfolio i i , X2 , ...■, Xn which meets the requirements for the .x,· =  1 
and X{ > 0,Vt is said to be a feasible portfolio for the standart model [25].
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8. InelTlciency of an risk-return combination :
An obtainable risk return combination is inefficient if another obtainable com­
bination has either higher mean and no higher variance, or less variance and 
no less mean [25].
9. Infeasibility :
A model is infeasible if, no portfolio can meet it’s requirements.
10. M ean variance ( EV ) space or Portfolio space i
Mean variance space is the n dimensional space whose points are mean- 
variance combinations. Portfolio space is the n dimensional space whose points 
are portfolios.
3.1.2 Meat! - Variance model :
The objective of the Markowitz model is to trace the opportunity set for different 
risk preference levels for constructing efficient mean-variance combinations.
The Markowitz model or the mean-variance portfolio selection method uses mean 
and variance of returns for evaluating the opportunity set. The higher the rate of 
return and the less the variance of return, the more that asset is desired according 
to the mean-variance portfolio selection model [26].
This objective can be stated as :
max ( Returns - Variance )
or
min ( VanVnce - Returns )
The rate of return is calculated according to the equation ( 3 ) . Average rate of 
return and variance of return are calculated according to the equation ( 4 ) and ( 5 ) .
The shape of the efficient frontier is concave for the portion which is above the 




Figure 3.1: Efficient Frontier
can not be convex. This is because combinations of assets can not have more risk 
than the risk found on a straight line connecting those assets.
An efficient mean-variance combinations set is called as the efficient frontier. A 
typical efficient frontier is presented in Figure 3.1 .
The efficient frontier should be mean variance efficient when compared with other 
combinations. This can be explained in other words as, the efficient frontier has no 
higher mean of returns and no less variance for any combination of risk-return level 
for a given opportunity set.
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The construction of an efficient frontier requires the development of average return 
and variance of return formulas adaptation to a more than one asset structure or 
to the portfolio structure. Below, return and variance formulations are presented 
for the n asset portfolio case.
1. Portfolio H etlirn :
1=1
Ri : Rate of return on the asset.
X ,· : Proportion to invest from the asset.






: Portfolio variance .
: Proportion to invest on the asset .
: Covariance between the and assets returns.
(9)
The mean-variance portfolio selection method can be formulated to obtain efficient 
frontiers, for a given set of investment objectives as follows.
min-ARp -f cTp, A > 0
A : Risk preference coefficient.
Rp : Portfolio rate of return.
(Tp : Portfolio variance.
This objective function can be written as ;
( 10)
n n
m in-A(X;.T.R.)-f (X; Xi Xj a i j ) , A>0
'■=1 1=1 j=l (11)
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The constraint set for the Standart model includes :
U n ity  co n s tra in t, which forces all the resources to be invested :
1=1
(12)
't h e  req u ired  ra te  o f re tu rn  constra in t, which ensures that a required rate of 
return which is denoted by Rp  will be earned by the constructed portfolio.
'y j XiRi — R d (13)
t = l
t ip p e r  and  Lower B oulids constrailit, which allows the investor to determine 
the combination and proportion of the investment from a given set.
, Li <  Xi <  Uiy {i =  l,2 ,...,n )  (14)
This mathematical programming problem can be solved by using the quadratic 
programming techniques. The Application of the quadratic programming structure 
implicitly brings the Kuhn-Tucker conditions of the classical optimization theory, 
with one or more inequality constraints.
The Kuhn-'Tucker conditions for a two variable model can be written as.
min
max
f(^X\, X2 ') (15)
Subject to ;
g{xi,X2) > 0 
i l_ _  _ n  V
6xi ¿Ij ’ 
■^?(a:i,a;2) =  0







The usage of Kuhn-'IUcker conditions, for one or more inequality constraint, will 
ehsure that, if the optimum can be found theU all a;,-’s will be positive [14].
For the solution of quadratic programming problems, several software packages are 
available both for the mainframes and PCs. On mainframfes Minos and on PCs 
Gams-Minos, Ginos, Hyper/Lindo can be given as well known examples.
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In this study for the solution of the mean-variance portfolio selection problem Hy- 
per/Lindo - 1987 version is used. Certain changes are made in the modelling in 
order to make the model acceptable by the software package [22].
The preparation of the model to be solved is done with a matrix generator. The 
matrix generator created models according to the changing lambda values in MPS 
( hiathematical Programming Structure ) and these models are imported and solved 
for obtaining efficient portfolios and efficient frontiers.
3.1.3 single Index Model :
The Single index model is a simplified model for the portfolio selection problem. 
This model relays on a market index whicli measures the fluctuations in the market 
and its effects on the individual security returns. Market fluctuations’ effects are 
measured by the Beta ( ) coefficent.
The Single index model or the diagonal model is defined by Sharpe as follows [30] :
I  =  -^n+l + Cn+I 
Ei =  Ai -f )
v:· =  {Bl){Qnu +  g .)






B^ : Rate of return on the asset.
Ai : A constant return term which is independent of the market fluctuations.
Bi : The beta coefficient.
/,· : The market index.
Ci : The error term.
Bi : Expected return of the asset.
1. Portfolio Return :
B p  — ¿  ^ i B i  — ¿ r ; ( j 4 , ·  - f  B i l  +  C i )
t = l t= l
(26)
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Ep : Portfolio rate  of return.
2. Portfolio Variance t
i= l  j = l i= l
or ,
(27)
1=1 1 =  1 7=1  1=1
cTp ; Portfolio Variance.
Cm '■ Variance of the market index. 
al: : Standart error of the estimator.
(28)
3. Portfolio B eta t
As individual securities have beta coefficients, constructed portfolios have beta 
coefficients as well. Portfolio beta will me8isure the percent change in the port­
folio’s return when there is a one percent change in the fnarket index.
Bp =  Y^XiBi
1=1
(29)
Bp : Portfolio beta .
4. Portfolio Alpha :
Portfolio alpha measures the fate of portfolio return whicli is independent of 
the market fluctuations that a portfolio can gain.




Aj, ; Portfolio alpha .
In this study the Single index model is applied together with the Excess Return to 
Beta algorithm presented by Elton-Gruber and Padberg [12].
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Tile Excess Returti to Beta algorithm :
The excess return to beta algorithm provides considerable computational conve­
niences for the portfolio selection problem under the index model [12] .
The objective of the excess return to beta algorithm can be summarized as finding 
a set that would maximize the objective of ;
^ _  (Rp R j) (31)
p
4· =
E"=, L U  +  i ;r .i
: Portfolio Variance.
; Variance of the market index.
: Standart error of the estimator.
(32)
To find the optimal set that would maximize the derivative of <j> is taken with 
respect to each i,· and set equal to zero.
The optimal allocation will be performed according to excess return to beta formula :
z,· =  -
C,l
A· (33)
1 -4- n-2 V" fL·
The proportion to invest from the security is calculated according to equation ( 
34 ) which is presented below.
^0  __ Zi
U=i k .|
(34)
The Xi values that will be obtained from the algorithm will ensure the constraint 
portfolio to be an optimal portfolio for a standart model.
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Tills model presented by the equations ( 32 ) , ( 33 ) ,( 34 ) allows short selling 
of any security that is taken into analysis. However, if equation ( 33 ) is modified 
with equations ( 35 ) and ( 36 ) , then the Excess Return to Beta algorithm can 
handle models with no short sales. Basically, this modification is the inclusion of 
the Kuhn-Tucker conditions to the optimization problem.
<l>k = (36)
Equation ( 35 ) uses set k as the set of stocks to be selected. And the inclusion rule 
for the algorithm is determined by the /x; , in equation ( 36 ) .




— + /t.· (36)
The proportions to be invested according to the excess return to beta algorithm can 
be calculated according to the equation ( 34 ) again. However, the absolute value 
operator in the denominator becomes redundant, since short selling is not allowed.
3.2 Assumptions of the Study :
The assumptions behind the mean-variance model and single index model are im­
portant for the evaluation of this study’s findings and potential real life applications.
In both of the models applied, the investors are assumed to be rational, who prefer 
more to less and assumed to be risk averse. Also all of the relevant information 
should be quantifiable by the investors. xVlsq, in both models all of the funds were 
forced to be invested and no short sales are allowed.
3.2.1 Mean - Variance Model :
In this study, for the Markowitz model, a single period, utility maximizing strategy 
is used together with the usage of ex post data.
The single period utility maximization restricts the portfolio selection process as a 
one period act, which should, infact be a continous process of reviewing and reallo­
cating. Also the usage of ei post data is another important point to be considered
25
when interpreting the findings of this study.
3.2.2 Sitigle Index Model :
Single index model totally depends on the index model selected and used. Therefore 
the calculations with different indexes will possibly present different results. There 
are certain assumptions of the single ihdex model, these are:
1. E{ei) =  0 , Vi
The mean of error terms should be normally distributed.
2. E(ei(Rm — =  0 , Vi
Index should be unrelated to unique return for the securities analyzed.
3. E{ei,ej) =  0 , Vi,j
Securities should only be related through a common response to market. Er­
ror terms should not be correlated.
4. E{ei,eiY = cli
By definition variance of e; is (7^,· which is a constant.
ri5. E{ei{R^ -  R m )Y  = al
By definition variance of Rm is cr^
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4. DATA :
The data used for this study is obtained from the Istanbul Securities Exchange 
publications. Weekly closing prices are used for the calculation of capital gains on 
stocks. The stock split and capital increase data is obtained from the thé Capital 
Markets Board publications , and used for thé modification of the closing prices 
for the correct calculation of capital gains. This modification is presented in this 
section , in equation ( 1) .
The time series used for this study covers 102 weekly observations from January 
1986 to December 1987.
The stocks analyzed are selected from the first market of the Istanbul Securities 
exchange. For consistency, a set of 43 stocks are taken throughout this period. 
Company names are presented in Table 4 .
The classification that was used in the Istanbul Securities Exchange required cer­
tain modifications to be made for obtaining correct capital gains figures on the 
price data. As the corporations announce capital increases and issue stock splits, 
four types of quotations are made in the market till the end of the capital increase 
period according to their right contents.
These quotation types are;
1. Old,
2. Preemptive rights on ,
3. Stock split right on ,
4. New .
27
The rate of return at the end of the capital increase period should be corrected 
according to the following equation .
r; =
( P . + I  -  ( P „ r / m ) )
r,· : Rate of return on the period.
P{ : Price of old quotation on the period.
P,ar ■ Price of the stock split right on quotation, 
m : number of shares to be received as the result of the stock split.
(1)
If sucli a modification is not performed, then because of the enourmous price changes 
at the end of the capital increase periods, superflorous negative rate of returns can 
be observed.
For the single index model, the beta coefficients are estimated by using linear re­
gression technique, with the functional structure of the equation ( 21 ) in section 
3.1.3.
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Table 4.1: List of Stocks’ analyzed. 
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ral)le 4.2: Regression result.s for IMKD index Returns
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Beta, statistics calculated presents poor F  and t test values for the IMKB index. 
Therefore, another index is developed as the weekly returns’ average. The coeffi­

































































































































































































































































I I . 285
I I .  134




























































































Table 4.3: Regression results for Return index Returns
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5. FINDINGS OF THE STUDY AND 
CONCLUSIONS :
5.1 Mean - Variance Model :
The calculated efficient frontier is presented for the Markowitz model, below in Fig­
ure 5.1 for Xi > 0 and i ;  < 1 and a;; =  1 together with no short sales constraint.
E ffic ien t Frontier
32
P ortfolio  Variance vs» Lambda Coeff.
, Lambda Coefficient
Figure 5.2: EfRcient Frontier'^ Risk preferance graph
The risk and return characteristics of the constructed efficient frontier together with 
the objective function value , iterations performed and number of variables in basic 
are presented in Table 5.1 . The characteristic properties of the constructed efficient 
frontier in Figure 5.1 for the A value , iteration number, basic variable set and the 
minimum variance portfolio allocation under the Markowitz model are presented in 
Figures 5.2, 5.3 , 5.4 and 5.5.
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Lambda Coeff. vs. Iteration  N um ber
Lambda Coeffident
Figure 5.3: Efficient Frontier’s Iteration Summary graph
5.2 Single Index Model :
The calculated efficient frontier is presented in Figure 5.2 for the Single index model 








































































































































































































































































Table 5.1: Markowitz model Efficient Frontier properties
35
No. of B asic Variables vs. Lambda Coeff
Figure 5.4: Efficient Frontier’s Basic variable summary graph
M inim um  Variance Portfolio
36
E ffic ien t Frontier for the SIM
Figure 5.6: Efficient Frontier under the Single Index model
Portfolio beta and alpha are calculated for the single index model and presented 
below in Table 5.2 and in Figures 5.8, 5.7.
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Table 5.2: Portfolio Alpna and Beta under the Single Index model
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Portfolio  Beta versus Lambda va lu es
Figure 5.7: SIM portfolio beta versus Lambda coefficient.
The minimum variance allocation (MVP) under the single index model is presented 
in Figure 5.9 .
39
P ortfo lio  Alpha versus Lambda va lu es
Figure 5.8; SIM alpha and beta values compared.
MVP under SIM
Figure 5.9: MVP combination under the SIM model
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Tho construcicfl cfRcirnt fionUers me ploUccl below to present the bnsic diflcrenccs 
in their risk return characteristics.
Markoi^itz and SİM E fficient Frontiers
Return
Ö Markowllr -f Slnçle Index
Figure 5.10: SIM and MarkowiU EiTicicnt Frontiers comparison
The comparison of these two models according to the mean-variance criterion im­
plies that the investors should prefer the Markowitz efTicient frontier to the .single 
index model efficient frontier, because for a given level of return Markowitz model 
has a lower level of risk and for a given level of risk, has a higher level of return. 
This result is because of the index that is utilized in the single index model. How­
ever, with an appropriate index that will satisty the assumptions of the single index 
model the findings for the ipdex model will surely change, and approach to the 
markowitz model efficient set.
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5.3 C onclusions :
In this study Markowitz and Single index portfolio selection models are applied to 
the Istanbul Securities Exchange market securities.
The Markowitz model and Single index model portfolios, because of their different 
structures and assumptions, constructed different portfolios and efficient frontiers.
5.3.1 Findings :
The findings of the both models are as expected from the theory. As the level of 
the return from the portfolio increased, the level of the portfolio risk increased as 
well. Also as the portfolios become more risk taking ( A |  ) the number of securities 
decreased and the corner portfolio one is reached for the both models.
Markowitz Model Findings :
The Markowitz model accepted 14 securities as basic for the maximum and one 
security to basic for the minimum. Therefore a set out of the 43 securities are con- 
tiniously preffered to another set, or to the inefficient set. In Markowitz model some 






















20. İş Bankası - B
21. Şişe Cam











10. İş Bankası - A
11. Siemens
Through out the delineation process three securities are continiously taken into the 





The upper right end of the efficient frontier is only made of one security. That is 
the security of the Anadolu Cam corporation; These results should be interpreted 
carefully because, Pimaş stocks are traded on a very short period of time, out of 
the 102 periods.
Single Index M odel Findings t
The SlM findings are different then the Markowitz model findings because of the 
model’s nature. In SIM the MVP consists of 42 securities, however the MVP con­
sisted of 11 securities in the Markowitz model. The MVP combination for the SIM 
is presented in Figure 5.9 of this section. MVP of the SIM only eliminated the 35‘^  
security, whicli belongs to the Polylen Corporation.
As the R j  increased, the basic variables changed and for most cases the following 






The upper right corner of the SIM efficient frontier includes only one security. That 
is the Pimaş cooperation’s security. As it was mentioned in the previous part, Pimaş 
stocks being in the basic is because of it’s transaction periods being very short and 
this should be interpreted carefully.
The single index model coefficients /?; and a; that are calculated and used for the 
excess return to beta algorithm calculations, are not statistically significant for some 
of the securities. The ,^· and a,· coefficients are not statistically significant because 
of the returns’ not having a linear functional format which is used in equation ( 21 
) . In the scope of this study, /?,■ and a,· coefficients are used for the demonstration 
of the excess return to beta algorithm and no best functional format fiting study is 
performed.
Some of the coefficients being statistically insignificant can be a drawback for real
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life users. Non linear functional formats should be tried for better functional form 
fitings. One other point to be mentioned for the single index model is that, the /?; 
and a; coefficients totally depend on the market index that is Used.
Here, for the correct estimation of the beta coefficients some of the following rela­
tionships should also be checked:
1. Dividend payout ,
2. Asset growth ,
3. Leverage ,
4. Liquidity ,
5. Asset size ,
6. Earning variability ,
7. Accounting beta ,
These variables can be used to develop a Fundamental beta coefficient for a stock [3].
The single index model excess return to beta algorithm is a simple but powerfull 
tool for the portfolio analysis. Once the value of the equation ( 34 ) or ( 35 ) is 
calculated according to the assumptions used, in section 3.1.3 , then the calculation 
of proportions can be done very simply and quickly.
This application can either be done with an application specific software or with a 
spreadsheet software. As it is mentioned, once the program or spreadsheet is pre­
pared then the calculation of the optimal proportions will become very fast. The 
single index problem can also be solved as a Mathematical Programming problem 
by replacing the variance with beta coefficient and calculating the rate of return 
according to the single index formulations as presented in section 3.1.3 in equations 
( 21 ) to ( 25 ) . Such a formulation can be found in Jacob’s and Faaland’s study
[19] [15] .
The potential investors or users of such tools should always keep in mind that each 
method has its limiting assumptions. Also each method will be looking at the 
problem from certain point of view. Therefore the best approach to the portfolio 
selection process should be a combined and revised methodology that would also 
include the fundamental analysis and technical analysis as well. Since in the real 
applications one other problem will be estimation of an ex ante data set, a combined
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methodology will more possibily come up with more accurate solutions, since one 
method will take into account the facts that the other method didn t.
Potential investors should also keep in mind that, investing in stocks is proba- 
bily the riskiest investment approach in financial markets. Although the presented 
techniques take care of the covariance structures of stocks, portfolios constructed 
portions with public and /or private sector bonds will surely decrease the possibility 
of wide return fluctuations that can be expected from portfolios.
Altough the number of securities analyzed in this study is relatively small, the 
models used for the construction of the efficient frontiers can be xised for large scale 
portfolio problems that the institutional investors or individuals can face. However, 
the models and data requirements for the real life application must satisfy the as­
sumptions that are stated, or appropriate modifications should be performed on the 
criterion used. Forecasting several parameters that the models require becomes the 
most challenging part for a real life application.
The computer application of this study can be revised to provide a fully automated 
and intelligent portfolio selection and construction program. The modifications for 
such an objective should start with the preperation of appropriate data structure.
The relaxation of the single period utility maximization assumption and applying 
continlous utility maximization will be the first future study topic for the student.
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